This chapter reviews recent developments in the use of mixed-species ion chains in quantum information science, frequency metrology and spectroscopy. A growing number of experiments have demonstrated new methods in this area, opening up new possibilities for quantum state generation, quantum control of previously inaccessible ions, and the ability to maintain quantum control over extended periods. I describe these methods, providing details of the techniques which are required in order to work with such systems. In addition, I present perspectives on possible future uses of quantum logic spectroscopy techniques, which have the potential to extend precision control of atomic ions to a large range of atomic and molecular species.
I. INTRODUCTION
This review provides describes recent work on the control and manipulation of the quantum states of trapped atomic ions in ion chains containing more than one atomic species. This work has built upon the high precision which has been achieved in the control of the quantum states of trapped atomic ions over the past thirty years (relevant reviews include [11, 51, 88] ), but has required a number of new techniques in order to deal with multiple masses of ion in a chain, and provided new opportunities for extending control to new ion species.
The cooling of one type of ion by a second ion of a different type stored in the same ion trap was first observed by [22] using multiple isotopes of magnesium, and subsequently by [49] , who demonstrated cooling of beryllium ions by laser cooling co-trapped mercury ions. Both of these early experiments were performed in Penning traps ( [24] ). This review will focus on more recent work in Paul traps, typically involving small numbers of stored ions (between 2 and 4). The recent revival of interest in such systems has been motivated by two developments. Firstly, work on scalable quantum information processing requires the ability to cool the motion of trapped ions close to the quantum ground state while maintaining quantum superpositions of their internal states. Direct laser cooling involves dissipation of the internal states of the ions, which would destroy the stored information. Co-trapping of a second species of ion allows laser cooling to be performed, where the first species is "sympathetically" cooled due to the Coulomb repulsion between ions. The second development stems from the proposal by David Wineland ( [88] ) that in addition to the ability to sympathetically cool ion species that could not be directly Doppler cooled, the multi-qubit gate techniques developed for trapped-ion quantum information processing could allow state preparation and readout of such species. This opens up the possibility to transfer high precision quantum control techniques to a wide range of atomic and molecular ions.
This review follows the following format. Section II provides an introduction to the massdependent pseudopotential and the resulting normal modes of the ion chain in the limit that the excursions of the ions about their equilibrium positions are much smaller than the inter-ion distances. This forms the basis for all experiments described later in the paper. Section III provides a description of the effect that the form of these normal modes has on the cooling dynamics. Since the ion order affects the dynamics of the ion motion in the normal modes, it is often necessary to initialize a particular ion order. Two techniques for doing this are outlined in section IV. These sections form the basis for all of the later parts of the review.
The final sections describe applications of the control of multi-species ion chains. Section V describes the use of one species to read out another, while section VI describes the use of sympathetic cooling in quantum information processing experiments. Two applications to quantum state engineering are described in section VII. Section VIII describes challenges and proposals for extending quantum control techniques to molecular ions, including the use of sympathetic cooling and quantum logic techniques to prepare and measure these systems. The final section concludes.
II. NORMAL MODES OF MIXED-SPECIES CHAINS
A. Mass-dependent potentials and stability
The experimental work considered in this review primarily concerns collections of small numbers of ions in radio-frequency Paul traps. A detailed account of the motion of single ions in these potentials can be found elsewhere (examples include [18, 24, 51, 88] ). The trapping potential is created using a combination of static and radio-frequency electric potentials applied to the trap electrodes. In this case the total potential experienced by the ion can be written as φ(r tot , t) = φ st (r tot ) + φ RF (r tot ) cos(Ω RF t) ,
where r tot is the position vector of the ion. Under conditions which are generally applicable in the work described below, the motion of the ion can be split into two components, r tot = r + r µ where the second component accounts for driven "micro-motion" at the drive frequency Ω RF , and the dynamics of the secular motion with co-ordinate r can be approximated by solving the equation of motion of the particle of charge q and mass m in a time-averaged pseudopotential ( [18] ) Φ(r, m) = φ st (r) + Φ pond (r, m) ,
with the ponderomotive part of the potential given by a static term
This expression is obtained by averaging the kinetic energy of the driven micro-motion of the ion at frequency Ω RF . The secular motion of strings of ions in the pseudopotential approximation will be our principal concern in the remainder of this review. The validity of the pseudopotential approximation is discussed in depth by [18] and [24] .
B. Stability of ion motion
The trapped-ion experiments considered in this review use potentials which can be approximated close to the trap center (x = y = z = 0) using a harmonic expansion φ st (r) = V ρ 2 χ x x 2 + χ y y 2 + χ z z 2 + E · r, φ RF (r) = U r.f. ρ 2 κ x x 2 + κ y y 2 + κ z z 2 cos(Ω RF t) .
where r ≡ (x, y, z), ρ is a characteristic length scale for the trap (e.g. the distance from the ion to the nearest trap electrode) and χ x,y,z , κ x,y,z are dimensionless parameters which depend on the trap geometry and the applied voltages. E is a static electric field. In order to satisfy Laplace's equation at all times we require that χ x + χ y + χ z = 0 and κ x + κ y + κ z = 0. Experimentally the electric field component can often be controlled independently of the potential curvature, and is usually tuned to zero. This results in the minimum of both the static and pseudopotential terms co-existing at the origin of the potential. While it is common in experimental work to apply a single voltage amplitude U r.f. for the radiofrequency component of the total potential, in many recent experiments the static part of the potential is produced by several potentials applied to multiple independent electrodes. In these cases V is not a single value. Nevertheless, the form given above can be used, with V giving an order of magnitude estimate for the voltages, and the details of the potential produced by the exact configuration absorbed into the χ x,y,z .
For the oscillating potential given in equation 4, the ponderomotive part of the potential can be found to be Φ pond (r, m) = qU 
and the secular oscillation frequencies of the ion in the total pseudopotential are given by ω x,y,z = 2q 2 U 2 r.f. κ 2
x,y,z m 2 Ω 2 RF ρ 4 + 2qV χ x,y,z mρ 2
The mass dependence of the ponderomotive potential is of much importance in working with mixed-species ion crystals. In terms of the stability of ion motion, care should be taken to ensure that the ion motion is stable for both ion species. In the potential given above, stability of a single ion can generally be obtained for secular frequencies ω x,y,z ≤ Ω RF /(2 √ 2). A rough guideline for achieving stable motion in mixed-species chains is that this stability criterion should be satisfied for single ions of both ion species independently. It should be noted that for larger numbers of ions it is often found that the secular frequencies of motion should be below the limit given here due to anharmonic effects stemming from the Coulomb interaction. More precise discussions of the stability of ion motion can be found from solutions to the Matthieu equations which can be formed from the equations of motion; discussions are given in earlier reviews, for example [51] .
C. Normal mode analysis
In this section we review the general approach to calculating the equilibrium positions and motional vibrations of a set of ions in a single potential well such as that described above. For the purpose of this description, we assume the ions to be at low enough temperature that the oscillations about their equilibrium positions are small compared to the inter-ion separations. The derivation follows the methods of [40] , extending these to mixed-species chains as was done by [43] and [59] . [43] studied motion in all three spatial dimensions for chains consisting of odd numbers of ions, with a single ion of a different species to the rest placed at the center of the chain. [59] investigated the motional modes and cooling dynamics of the axial motion of ion strings containing two species, focused on systems of two and three ions.
The energy of a string of N ions in the potential given in equation 2 is given by E = T + U where
Here m j , r j (r l ) denote the mass and position of the jth (lth) ion, and q is the charge (the ions are here assumed to have the same charge). In what follows, it is convenient to write the coordinates as 3N scalar parameters z 1 , . . . , z 3N denoted by the subscript i, that produce the N vectors r 1 , . . . , r N with subscript index j. z, we therefore have that κ x = −κ y and κ z = 0. The static potential is then arranged to provide confinement along the z direction which is weaker than the confinement of any of the ions in the x − y plane. The ion chain then lines up along the axis of the trap. For small numbers of ions in such a potential, analytical expressions for the eigenmodes can be derived, however even for two ions the mass difference adds significant complexity. Explicit expressions for a pair of ions in standard potentials of the form described above are given by [89] .
The normal modes have several characteristic features, which depend on the relative masses of the two ion species, and on the relative contributions of the ponderomotive potential and the static potential to the confinement of the ions. Modes of oscillation of the ion chain involve different combinations of ions which oscillate either in phase with each other or out-of-phase. An example case for 9 Be + and 24 Mg + which illustrates the most important features is given in table I. From this example it can be seen that while the axial modes (z) involve significant motion of all of the ions for both the in-phase and out-of-phase motion, the radial modes (x, y) of the two species are almost independent (one ion has e ′ i,α close to zero, with that of the other ion close to one). This structure can be observed in the normal modes of many mixed-species ion chains. The independence of the radial modes is due to the difference in radial confining potentials for the two different ion species, and can be understood by considering the motion of each individual ion as an independent oscillator. These oscillators are coupled together by the Coulomb interaction, which has a strength which depends on the equilibrium spatial separation. In the radial directions, if the ions were not coupled they would have very different oscillation frequencies. In the coupled case, this means that the exchange of energy due to the Coulomb interaction is far from resonance and has a small effect on the resulting motion. This effect gets more pronounced as the mass ratio of the two ion species increases.
E. Shifts in normal modes due to additional effects
Though most experiments performed to date make use of the standard linear trap potential described in the previous section, in practice imperfections mean that this is a simplification of the real potential. A number of factors which have no impact on the characteristics of the normal modes of single-species ion chains do have an impact on the normal modes of mixed-species chains. These result from terms which have a different effect on each ion species. Three examples are given in the following list.
1. A pseudopotential gradient along the ion chain axis z will produce a differential force on ions of different mass. Such a gradient can arise as part of trap fabrication imperfections or for trap designs which deviate significantly from the ideal linear Paul trap ( [2] ). A pseudopotential gradient exerts a force of P = −q∇Φ pond on an ion of mass m, and a force of P/µ on a second ion of mass µ × m. This will change the equilibrium spacing of the ions by approximately ±P (1 − 1/µ)/(mω 2 ) where ω is the single ion oscillation frequency for the ion of mass m. The sign of this change will depend on the order of the ion crystal, with the shorter separation resulting from an order in which the pseudopotential force points from light to heavy ion. This in turn produces a shift in the normal mode frequencies. For the axial mode of a two ion crystal and values of µ which are close to one, the primary effect is to shift the frequency of the out-ofphase mode, since this has a significant contribution from the Coulomb interaction, the strength of which depends on the inter-ion distance. [33] 2. A second source of differential forces on the two ions is the radiation pressure force due to laser cooling light used for Doppler cooling, which will only affect the ion which interacts with the radiation. The effect of this force can be estimated by assuming a two level ion driven by a laser tuned close to resonance with a dipole allowed transition.
The time-averaged force on the ion is
where k is the wavevector of the light, Γ is the natural linewidth of the atomic transition and ρ ee = e|ρ |e is the steady-state probability of finding the ion in the excited state of the transition, given by
with s = 2|Ω| 2 /Γ 2 . Ω = µ eg E/ is the Rabi frequency for a light field with peak electric field E interacting with a transition with dipole moment µ eg and ∆ is the detuning of this light field from resonance (more details can be found in standard textbooks, for example [54] ). If directed along the axis of a two-ion crystal where only one of the ions is illuminated this force will result in an change of the equilibrium spacing of two ions of ǫ = |F |/(mω 2 ). The effect on two equal mass ions (with only one illuminated by the light), is to modify the frequency of the out-of-phase motional mode along the axis of the trap by a factor 1 ± ǫ/(2d) where d is the ion separation in the absence of the force. This gives the order of magnitude of frequency shifts which could be expected. As a simple example, consider a pair of equal mass calcium ions for which only one is cooled using a laser at 397 nm. If ∆ = −Γ/2 and s = 1, the magnitude of the force is F = 3.4 × 10 −20 N, resulting in a relative displacement of ǫ ≃ 13 nm for a trap in which the axial oscillation frequency of a single calcium ion is 1 MHz. The shift in the out-of-phase mode frequency is then around 2 kHz. The change in ion separation ǫ is similar to the root-mean-square ground state wavefunction size of 11 nm for a single trapped calcium ion in the same potential.
3. The third factor which can lead to deviation of the normal modes of mixed-species ion chains is anharmonicity in the trapping potentials, which was studied theoretically and experimentally by [33] . Odd-order anharmonicities produce shifts which are dependent on the ion order for asymmetric ion chains containing ions of different mass. For the experiments in [33] , shifts of 20 kHz were observed between the magnesium-beryllium and beryllium-magnesium ion orders for a trap in which a single beryllium ion had an axial secular frequency of ω s = 2π × (2.7 MHz). If this shift is ascribed only to a cubic term in the potential, this would correspond to a term (m Be ω 2 s z 2 /2)(z/λ 3 ) with λ 3 = 230 µm ( [33] ). All of the effects described above can be measured if re-ordering techniques are available for an asymmetric mixed-species ion chain consisting of two unequal mass ions (see section IV). The relevant information can be obtained by differences in normal mode frequencies between the two configurations (m 1 , m 2 ) and (m 2 , m 1 ), where m 1 , m 2 label the two ions, and the ion order should be read from left to right. This was used by [33] in order to characterize both the anharmonicity of a trap and the pseudopotential gradient. For measuring the effect of laser intensity an alternative would be to change the intensity of the laser while monitoring the motional frequencies.
F. Normal mode diagnostics
Frequency and amplitude characteristics of normal modes can be extracted by a number of techniques. These are not unique to mixed-species work, and thus the reader is referred elsewhere for an in depth discussion, for example see [88] . The primary methods used involve coherent transitions on resolved motional sidebands of narrow-linewidth transitions. To illustrate these methods, we can consider a single travelling wave optical field which is tuned close to the resonance frequency ω 0 of a transition between two internal states |g and |e . We assume that the laser interacts only with ion j with co-ordinate r j , and that the lifetime of the two levels is long compared to the timescales of interest. Working in the interaction picture with respect to the Hamiltonian H 0 = ( ω 0 /2) (|e e| − |g g|), and making a rotating wave approximation with respect to the optical frequencies, the interaction between the laser and the ion can be written aŝ
where Ω is the Rabi frequency with which coherent oscillations between the two states involved would be driven in the limit that the ion mass tends to infinity,σ + = |e g| is the raising operator for the two internal states involved, and δ = ω L − ω 0 is the detuning of the optical field from the internal state transition. The Rabi frequency Ω = µ eg E 0 / , where µ eg is the transition dipole moment and E 0 is the zero-peak amplitude of the electric field of the light ( [54] ). The phase of the laser has been neglected here, since it is not of importance for any of the techniques described below. The exp(ik ·r j ) factor is the operator which describes the atomic recoil when a single photon is absorbed (see e.g. [87] ). The exponent can be written in terms of the normal mode co-ordinates as
where we have defined the Lamb-Dicke parameter for the oscillation of ion j in the normal mode α as
and e ′ j,α = (e ′ jx,α , e ′ jy,α , e ′ jz,α ) is the vector describing the components of motion of ion j in the motional mode α (The integers j x , j y , j z indicate the values of the index i which correspond to the x, y and z components of motion of ion j). The Lamb-Dicke parameter squared gives the ratio E R,α /( ω α ), where E R,α is the recoil energy transferred to the mode α when a single photon is absorbed along the laser beam direction.
It is useful to move to the interaction picture with respect to the Hamiltonian describing the energies of the normal modeŝ
which results in an interaction picture Hamiltonian for the ion-laser coupling of the form
Spectroscopy of the normal modes is performed by scanning the detuning δ over a frequency range encompassing the modes in question. For δ = +ω α , the resonant terms in the Hamiltonian can be found up to first order of the expansion of the exponential in η j,α to bê
which results in Rabi oscillations between the states |g, n α and |e, n α + 1 with a Rabi frequency proportional to √ n α + 1 ([88] ). This is often referred to as a blue-sideband transition. In what follows, we denote this type of transition by R + (θ), with θ = Ωη j,α √ n α + 1t p and t the duration for which the laser is applied. For laser pulse durations t p such that θ = π, the internal state makes a transition, and the motional state is changed by a single quantum. For δ = −ω α , a similar Hamiltonian is derived, but with the positions ofâ † α andâ α exchanged. This results in Rabi oscillations between the states |g, n α and |e, n α − 1 with a Rabi frequency proportional to √ n α (referred to as a red-sideband transition). This will be denoted by R − (θ), with θ = Ωη j,α √ n α t p . In order to make measurements of normal mode frequencies, the laser frequency is scanned and the relative positions of the resonances on R + and R − are recorded (in the ideal case, the difference frequency between these two equals twice the mode frequency). For sensitive measurements of motional frequencies of normal modes, it is worth being aware of off resonant processes, which can produce AC Stark shifts of the transitions involved ( [78] ). An alternative approach to coherent manipulations of internal and motional states which has been used in much of the work with mixed-species ion crystals involves the use of Raman transitions. These can be described by similar equations to those used above, but with the laser frequency ω L and wavevector k replaced by the difference frequency and difference wavevector of the two Raman laser beams (see for example [88] ), which are given by δω and δk respectively.
An alternative method for measuring normal mode frequencies which is free of AC Stark shifts can be obtained using oscillating electric fields applied to a nearby trap electrode. In the limit that the ion chain is much shorter than the ion-electrode distances, the field can be approximated as being the same at each ion. In this case, the Hamiltonian describing the motional coupling of the field E(t) to mode α iŝ
For modes which couple to the electric field (for which E(t) · j e ′ j,α / √ m j = 0), the oscillating field results in a displacement of the ion motional state which is enhanced when the field is resonant with the motional mode. For an ion initialized in the ground state prior to application of the field, this results in a coherent state of motion. The excitation of the ion due to this displacement operation can be detected by a number of methods. The most sensitive of these is to prepare the ion close to the ground state prior to application of the electric field, and to use laser-driven motional sideband transitions between internal states to detect any motion afterwards. The Rabi frequencies on the motional sidebands are proportional to √ n α and √ n α + 1 for R − and R + respectively, thus a Fourier decomposition of a sideband Rabi oscillation can be used to extract motional occupations ( [51] ). For detecting excitation from the ground state, the motion-subtracting sideband is particularly useful. If the ion is in the ground state prior to the sideband pulse, no transition can occur because this requires a quantum of motion to be removed. If a transition does occur, this indicates that the motion must have started in an excited state. This method is therefore sensitive to excitation at the single quantum level. Note that depending on whether the ion is initialized in the higher or lower internal state, either R − or R + will subtract motional quanta.
The use of a detuning δ = 0 can also be used to detect motional excitation. The carrier transition between states |e, n α and |g, n α has a Rabi frequency which can be written to second order in the Lamb-Dicke parameter as
9 Be Due to the quadratic dependence on η j,α , this method is most effective for moderate values of the Lamb-Dicke parameter, and is less sensitive to motional excitations than driving a motional sideband. However it is more robust to changes in the AC Stark shifts of the internal state transition, because the transition is power broadened. In [33] , the carrier transition was used to detect the excitation of the axial in-phase mode of motion of a beryllium-magnesium ion pair with a Lamb-Dicke parameter of 0.18. In this case the Rabi frequency of the n = 17 state is roughly half that of the ground state.
Resonant excitation of a motional mode can also be detected without cooling the mode to the motional ground state, though in general these methods are not as sensitive as those described above. Large motional excitations can produce Doppler shifts which approach the linewidth of a dipole transition, resulting in a reduction in the observed ion fluorescence signal ( [86] ). For a single ion, motional excitations up to vibrational quantum numbers of around 1000 are required to obtain a significant signal. Though this approach is commonly used for single ions, it does not work as well for diagnosing modes of longer chains, primarily due to the anharmonicity of the Coulomb interaction between the ions, which causes the motional frequencies of the ions to shift before significant motional excitation can be induced.
If a laser is tuned to the side of the resonance profile of an allowed transition, the scattering rate of the photons will be modulated in phase with the coherent motion of the ion. By recording the time of arrival of the scattered photons and correlating this with the phase of the motional excitation, high sensitivity to coherent motion can be achieved. This has been demonstrated by [9, 82] and used for detection of excitations with mixed-species ion chains by [37] .
G. Compensation of stray fields
The mass dependence of the ponderomotive part of the pseudopotential means that by contrast with single-species ion chains, the normal modes of mixed-species chains change in the presence of additional static fields. The heavier mass ions experience weaker confinement from the ponderomotive term, so a radial static field will displace the heavy ions from the pseudopotential null line by more than those of the lighter ion species. This distortion of the equilibrium positions of the ions in the crystal leads to changes in the frequencies and eigenvectors of the normal modes of the ion chain. As an example, figure 1 plots the calculated frequency shifts as a function of a radial field along the y axis for a beryllium magnesium ion pair in a trap with single beryllium ion secular frequencies f z = 2.7 MHz, f x = 12.26 MHz, f y = 11.18 MHz. The mode amplitudes for a radial field of 200 Vm −1 are shown in table II.
Since radial stray fields lead to ions sitting at positions where the oscillating component in the electric field is not zero, the micromotion of these ions is increased. This can cause a variety of problems for precision spectroscopy and quantum control of trapped ions. For precision spectroscopy micromotion leads to Doppler shifts of transition frequencies which are difficult to constrain ( [7] ). For quantum control tasks micromotion leads to an effective modulation of control fields. If the micromotion changes, the modulation index also shifts, leading to a loss of control. For both single-species and multi-species ion chains, micromotion is typically detected by monitoring the effect of the modulation on the ion's interaction with light fields, either using Doppler cooling or narrow-linewidth transitions ( [8, 65] ). The normal mode shifts and changes in the crystal equilibrium positions described above provide new tools for compensating these stray fields. This was first realized by [5] , who proposed two methods for doing this which are outlined below.
The first method involves measuring the frequencies of the normal modes, which shift as a function of the applied field. This method requires a good understanding of the normal modes and of the other parameters which form the trapping potential, and is therefore a challenging method for more than a few ions. If the mode frequencies are well understood, changes in frequency as a function of a given applied field can then be identified. It can be seen from the example given in figure 1 b) that by tuning the field such as to minimize the mode frequency of the out-of-phase y mode, stray fields in the y direction can be reduced to zero. This method is limited by the resolution with which the mode frequencies can be determined, and the sensitivity of the mode frequencies to electric fields. The frequency uncertainties quoted by [33] are of order 200 Hz, which would allow stray fields of below 15 V/m to be detected in this trap. Higher sensitivity to stray fields could be produced by reducing the pseudopotential confinement of the trap.
A second method which is simple to implement with Raman transitions involves lining up the axis of the ion crystal with the difference vector between the wavevectors of the two Raman beams. If the difference wavevector ∆k is aligned along the axis of the trap, the Raman beams should only couple to motional modes which involve motion along the axis of the trap. When no stray radial fields are present, only the axial modes have this property. In the presence of stray fields, modes which principally exhibit motion perpendicular to the axis have components along the trap axis, and thus couple to the Raman light. It is therefore possible to align the direction of the normal modes with ∆k by adjusting the radial electric field such that the Rabi frequency of the radial sidebands is minimized relative to the axial modes. The alignment of ∆k with the trap axis can be verified by minimizing the coupling of the Raman light to radial modes using a single ion.
III. SYMPATHETIC COOLING
One important use of mixed-species ion chains is to use accessible cooling transitions in one "refrigerator" ion species to cool another "target" species. This allows the internal states of the target to remain unaffected while the cooling of the external degree of freedom proceeds. It also allows target ion species to be cooled without requiring the ability to laser cool these species directly.
A. Laser cooling of mixed-ion chains
For cooling in both the Doppler and resolved sideband limits, cooling relies on the coupling of the ion motion to an optical field via the internal states ( [87] ). To understand Doppler cooling of an ion chain, we consider a simplified picture of an ion with two internal states which are coupled by a laser light field close to resonance with a dipole-allowed transition. The transition linewidth is assumed to be much larger than the motional frequencies, ie. Γ >> ω α for all motional modes. We will assume that only ion j is cooled. The rate at which the kinetic energy of the ion j is cooled can then be found using a semiclassical treatment ( [54] ) to be
with ρ ee as defined in equation 16 . The momentum componentp i of the ion corresponding to the ith co-ordinate can be expressed in terms of the normal mode co-ordinates aŝ
which allows us to write
where again we have used e
Substitution of equations 13, 19 and 27 into equation 25 results in a cooling rate of the mode in question which can be expressed in terms of quanta per second as
The cooling rate thus depends quadratically on the Lamb-Dicke parameter η j,α for the cooling ion j in mode α. In addition to the frictional cooling, the random nature of absorption and spontaneous emission events heat the mode α through momentum diffusion ( [54] ). In the limit that Ω << Γ, ∆, each random emission/absorbtion event can be assumed to be independent, and the heating is well approximated by
The first term in this expression describes heating due to the absorbtion of photons from the cooling laser, while the second is the contribution from recoil of the ion during spontaneous emission, which is an average over all directions of the emitted photons assuming a dipole emission pattern. By comparing equations 28 and 29 we see that both heating and cooling processes depend quadratically on the magnitude of the ion motion in the normal mode |e ′ j,α |. Thus if these are the only heating and cooling processes present we attain the usual Doppler limit temperature, which is independent of |e ′ j,α | (see for example [51] ).
Similar arguments hold for cooling in the resolved sideband limit. For continuous sideband cooling in the Lamb-Dicke regime (for which η 2 j,α (2n α + 1) ≪ 1), the rate of cooling of a given mode is proportional to η 2 j,α . The cooling limit does not depend on the Lamb-Dicke parameter if only off-resonant transitions contribute to heating ( [52] ).
In real systems, additional heating mechanisms need to be overcome (see next section). Therefore it is desirable that high cooling rates can be achieved. We can see from equation 28 that in order to perform effective cooling of a particular shared mode of motion a significant Lamb-Dicke parameter is required for the ion which is being actively cooled. For radial modes of mixed-species ion chains with different ion masses, this poses a problem. As the mass ratio between the two ions increases, |e ′ j,α | is rapidly reduced to close to zero for one of the ion species, and tends to 1 for the other (this can be seen in table I for a two-ion crystal with a mass ratio of 24/9). In view of the mode amplitude imbalances, cooling a target species X is best performed using a refrigerant ion with a similar mass. The sympathetic cooling efficiency of a spectroscopy ion by an ion of a different species is considered in detail by [89] , who consider effects such as the relative masses and the dependence on the static and ponderomotive components of the pseudopotential Φ(r, m).
B. Heating due to fluctuating electric fields
Ions stored in a trap experience fluctuating electric fields which lead to heating of the motional modes. Known sources of fluctuations are due to noise on supply voltages and Johnson noise due to resistances in lines connecting the trap to the voltage source. It is generally possible to suppress these sources through careful design of electronics and by placing filters between the trap electrode and the source. Calculations of the effect of Johnson noise predict electric field fluctuations which are orders of magnitude below those observed in many trapped-ion experiments. The amount of heating is therefore "anomalous", due to a process which is not well understood. Recent work on electrode surface cleaning indicates that this is due to contaminants on the surface on the electrodes ( [1, 31] ), which produce scaling of electric field noise which is consistent with models of large numbers of microscopic fluctuating patch charges or dipoles ( [17, 20, 69, 81] ). The fluctuations are found to be reduced by cooling the trap ( [20, 47] ). The heating rate for trapped ions due to this anomalous heating scales roughly as d −4 where d denotes the ion-electrode distance, thus these problems become more severe in the small-scale traps built for multiplexed ion trap quantum information processing (see [2] for a review).
The relation between the fluctuations in the electric field and the heating rate of normal modes can be derived from equation 23, which describes the coupling of each normal mode to a uniform field. Making the assumption that the fluctuations of the field are stationary noise processes with correlation times short compared to the change in state of the ion, the rate of heating from the ground state of motion can be calculated to bė
where
for a single ion of mass m
and an electric field noise spectral density of S E (ω α ) ( [81] ). For an ion crystal consisting of multiple ions of a single species, the centre-of-mass mode has the largest coupling to the electric field, and antisymmetric modes with ξ(t) = 0 are not heated by uniform electric fields. In multi-species ion crystals, ion configurations with symmetry about the center of the ion chain do have purely antisymmetric modes, but other configurations do not tend to exhibit these properties.
C. Improving cooling rates for radial modes
The laser cooling rates of the radial modes can be increased by adding radial static field components to the standard trapping potential ( [36] ). Since the primary radial confinement is due to the mass-dependent ponderomotive potential, these result in the heavier ion being pushed off the axis of the trap, so that the vector connecting the equilibrium positions of the two ions is no longer aligned with the zero of the pseudopotential. Table II gives the calculated mode eigenvector components with a static electric field of 200 Vm −1 applied in the radial y direction and all other trap parameters set to the same values used for table I. For the low frequency radial normal modes there is now significant motion for both ion species, meaning that either ion could cool these modes at a significant rate. By contrast, the higher frequency radial modes still have a much lower amplitude for the heavy ion, which could not be used to cool these ions with a high rate. Note that this method will also involve significant micromotion of the heavy ion, which may be undesirable if it is being used in high-precision spectroscopy.
Obtaining significant motion of the heavy ion in the high frequency radial modes is challenging due to the large frequency difference between these radial modes and the axial modes, which means that any coupling between the ions' motion in the two directions is far from resonance. Increasing the axial confinement is in general undesirable because it leads to a point where the ion chain makes a transition from a linear chain to a zig-zag configuration ( [78] ), at which point some of the low frequency radial modes (which primarily involve motion of the heavier ion species) are close to zero frequency. If cooling all modes of the chain is necessary, it is desirable to use two species of ion which are similar in mass. If this is not an option, then the lighter mass ion should be used as the coolant. This is because laser cooling of the lighter species can be used to cool the highest radial modes, and the low-frequency radial modes can be mixed with axial modes using additional radial fields. Experimental studies of sympathetic cooling and quantum control which have been performed to date used mass ratios between 1/3 to 25/9, where the numerator represents the cooled ion species.
IV. RE-ORDERING IONS OF DIFFERENT MASS
The normal mode frequencies and amplitudes of mixed-species chains depend on where in the chain the heavier mass ions are situated. A two-species linear ion chain consisting of N ions of which k are ions of one species has N !/(k!(N − k)!) possible ion configurations. Since the normal modes depend on the ion order, it is highly desirable to be able to initialize a single configuration, or a subset of the possible ion orderings. Once a particular configuration has been initialized, it will stay fixed unless the ions gain enough energy that the ion chain disintegrates (laser cooling is then usually used to dissipate this energy in order that the ion chain re-forms into a crystal). This can happen through collisions with high energy background gas particles, which typically occur once every few minutes in a room-temperature ultra-high-vacuum environment. The correct ion order can be verified by looking at fluorescence (for ions where this is observable) on a camera with sufficient spatial resolution to separate individual ions in the chain. Where this is not possible, (such as where fluorescence detection is not sensitive to ion position), an alternative method is to perform spectroscopy of the ion motion. This can be performed using the methods described in section II F.
The ion re-ordering techniques which have been used in experiments with mixed-species ion chains to date make use of the mass-dependence of the total potential. These techniques were first proposed and developed by Till Rosenband and co-workers for use in the mixed-species ion chain quantum logic spectroscopy experiments described in section V. They have also been used extensively in the NIST quantum information experiments which are described in section VI. In what follows I give two specific examples from the latter, which illustrate the methods involved. It should be noted that deterministic re-ordering of ions of the same species has been performed by control of the trapping potentials in a single trap zone by [76] , and using junctions in trap arrays ( [10, 30] ). These methods would work for mixed-species ion chains, but perform two-directional swapping of ion positions. This contrasts with the methods described below, which deterministically achieve a chosen ion order from any given starting configuration.
A. Symmetric ordering, heavy ions centered
In the experiments of [41] , a symmetric ion order was desired with two heavier mass magnesium ions ( 24 Mg + ) placed between two of a lighter species ( 9 Be + ). The re-ordering method in this case made use of the contrast between the curvature of the radial potential, which is primarily provided by the mass-dependent pseudopotential, and that of the axial potential which is dominated by static terms. Increasing the axial curvature has two effects on the curvature of the total potential (trap plus Coulomb repulsion) experienced by each ion. It produces anti-confining static terms in the radial trap potential, and also pushes the ions in the chain closer together, which results in a larger radial anti-confinement due to the mutual Coulomb repulsion of the ions. Both of these effects reduce the radial curvature of the total potential experienced by each ion. When the radial curvature goes to zero for one of the ions the ion chain starts to deform into a configuration for which some ions have an equilibrium position away from the zero of the pseudopotential. This point will depend on the relative masses and positions of the ions in the chain, but since the heavier ions are more weakly confined by the pseudopotential, in many cases these are the first to move off-axis. For a given starting ion configuration, the initial off-axis state is metastable, ie. one of the other ion orders results in a lower energy equilibrium configuration. As the axial confinement is increased further, a critical point is reached at which the off-axis ions are radially displaced by a large enough distance that they can access the genuine lowest energy configuration, independent of the starting ion order. Since ions on the end of the chain are separated by larger distances than in the center, ion configurations with the heavy ions on the ends of the chain tend to require larger changes in trap parameters in order to reach the critical point at which re-ordering will occur.
The beryllium and magnesium ions used by [41] have a mass ratio of M Be /M Mg = 9/24. The potential well in which experiments were being performed on linear chains of ions had an axial curvature leading to a trap frequency for a single beryllium ion of 2.7 MHz, with radial frequencies of 12.2 MHz and 11.2 MHz (this corresponds to an axial frequency of 1.65 MHz for a single magnesium ion, with radial frequencies of 4.8 MHz and 3.7 MHz). To re-order the ions, the voltages on the control electrodes of the trap were ramped over ∼ 1 ms to a potential in which a single beryllium ion has an axial frequency of 4.6 MHz, and radial frequencies of 9.7 MHz and 12.9 MHz. Taking these frequencies and calculating the expected magnesium secular frequencies gives 1.5 MHz and 5.4 MHz in the radial directions, and 2.8 MHz in the axial direction. With these parameters the four ion crystal with two magnesium and two beryllium ions finds the lowest energy for the "diamond" configuration shown in figure 2b ), and will reach this configuration from any starting order of the ions. The trap voltages are then ramped back to their original values, with the ions relaxing back to a configuration in which the heavy ions are centered. Both during the transition to the diamond configuration and the relaxation into the final linear chain, the ions gain significant amounts of energy, which must be extracted by laser cooling in order to reach the temperatures required for quantum control.
B. Asymmetric ordering
As an alternative to the symmetric ordering described above, it may be desirable to place one species of ion to one side of the ion crystal. This has been done in a number of experiments with two ion crystals ( [15, 33, 36] ). Here I describe the method used to re-order beryllium and magnesium ions by [33] . The first step involves applying a static field in a direction perpendicular to the z axis, which is defined by the pseudopotential null (the ion chain is initially aligned with this axis). The field displaces the heavy ion radially by more than the light ion, due to the relative strengths of the radial pseudopotential confinement. Above a critical value of the field, this results in the ion chain making a sudden transition to a lowest energy configuration in which the ion chain is aligned along the additional field (shown in figure 3 a) ). For starting conditions for which a single beryllium ion has an axial frequency of 2.7 MHz and radial frequencies 12.2 MHz and 11.2 MHz, the required field for radial alignment of a beryllium-magnesium ion chain is 900 V/m along the radial direction of weakest confinement. Removing the radial field at this point would not result in any particular desired order, since there is symmetry along the axis of the trap. An extra step is therefore required to break the symmetry. In the experiments of [33] , the symmetry breaking was achieved by twisting the axis of the static component of the trapping potential, using potentials of the form shown in figure 3 b) applied to the segmented electrodes of the trap. This displaced the heavy ion relative to the light ion along the z-axis . While this "twist" potential set was applied, the bias field applied in the first step was removed, bringing the heavy ion back close to the trap axis, but now in the desired position ( figure 3 c) ). The final step removes the "twist" potential, resulting in an axial ion chain with the desired ion order. This method should be extendable to longer chains of ions. Depending on the relative masses and the size of the electric fields and "twist" potentials, alternating configurations or configurations with all heavy ions to one side of all light ions may be possible. Alternative methods to break the symmetry include any methods for applying differential forces to the ions, including either applying a pseudopotential gradient or the use of radiation pressure.
V. QUANTUM-LOGIC READOUT
The ability to trap and manipulate two ion species in a single ion trap opens up the control of trapped ions to species beyond those which have accessible Doppler cooling transitions. These include many of the atoms in the periodic table, as well as the molecular species FIG. 3: Schematic showing the shifts in potentials and ion positions used for re-ordering a twoion multi-species ion chain. Each square represents an electrode to which static potentials can be applied. The resulting ion configurations are shown using a filled circle for the light ion and an outline for the heavy ion.
Step 1 a) First a radial field is applied with sufficient strength to push the ion pair into a radial crystal.
Step 2 b) An additional static "twist" trapping potential is applied which provides a quadrupole potential aligned at a non-zero angle with the pseudopotential axis of the trap. This breaks the symmetry, pushing the heavy ion to the left of the light ion.
Step 3 c) The field is removed, resulting in a near axial crystal. In the final step, the additional "twist" potential is removed, and the ions return to the trap axis.
considered in section VIII. In order to perform more advanced control of any of these species, a pre-requisite is the ability to perform spectroscopy on them. An important application of high precision spectroscopy of ions is in atomic frequency standards work, where work with mixed-species chains of trapped ions is currently state of the art ( see for example [15] ).
Two problems occur in trying to control ion species with no closed transition manifolds on which Doppler cooling can be performed. The first is in trying to cool the ion. Aside from laser cooling, no other methods are currently able to cool atomic species from room temperature down to the milli-Kelvin range. Secondly, the closed transition presents a means of extracting information from the system, because the repeated emission of photons provides information about the internal state of the ion. For ions with closed cooling transitions, state-dependent resonance fluorescence is the most common method of measuring the final state of the system. The use of a second ion species can be useful in both of these tasks. It provides a route to cooling complex atoms and ions through the sympathetic cooling of the shared normal modes of motion which was described earlier in this review. It also provides a means to extract information from the system using the technique of Quantum Logic Spectroscopy (QLS), which has been proposed and pioneered by Dave Wineland's research group at NIST ( [72, 88] ).
Quantum logic spectroscopy makes use of the common motion of the two trapped ions to transfer information from the spectroscopy ion (which does not have a closed cooling transition) to a cooling/readout ion of a species which can be fully controlled by standard techniques of ion trap control. The mapping of information from the spectroscopy ion to the motion can be performed using a number of different methods, which are described below in order of their first experimental demonstration.
Quantum logic spectroscopy was first demonstrated by [72] , who performed readout of the internal state of an aluminium ion using a co-trapped beryllium ion. The sequence of steps required to do this is illustrated in figure 4 . The measurement protocol was used to determine whether an aluminium ion was in the |g ≡ 1 S 0 , F = 5/2, M F state or the |e
F are left undefined here because the researchers demonstrated the technique using a range of values). The measurement protocol starts with the axial modes of the two-ion crystal cooled to the ground state. A motional sideband R − (π) is then driven on the |g, n α ↔ |e, n α − 1 transition using a laser tuned below the internal state transition by the trap oscillation frequency ω α . In the ideal case, for an ion in the |g, n α = 0 state, no transition is driven because this would require the removal of a single quantum of motion, which is not available since the system is already in the ground state. If the aluminium ion starts in the |e, n α = 0 state, the laser drives a transition |e, n α = 0 → |g, n α = 1 , exciting the collective motion. The remainder of the protocol uses the beryllium ion to read out the motional state of the normal mode. This was performed using a stimulated Raman transition between the |↓ ≡ |F = 2, M F = 2 and |↑ ≡ |F ′ = 1, M ′ F = 1 hyperfine states of the beryllium readout ion, with the Raman difference frequency and pulse durations tuned to the motion subtracting sideband transition |↓, n α ↔ |↑, n α − 1 . The beryllium ion starts in the lower energy |↓ state, having been prepared in this state during the ground state cooling. If the motion has been excited by the aluminium transition, the Raman pulse then results in an internal state transition, otherwise no change in internal state occurs. The internal state of the beryllium ion is subsequently read out by state-dependent fluorescence ( [88] ). In the ideal case, the beryllium state is correlated with the original state of the aluminium ion, and thus the protocol implements the desired measurement.
A similar method to the readout described above allowed [72] to perform state preparation of a single hyperfine state of the ion. The procedure makes use of repeated mapping of the internal state to the motion, allowing ground state cooling to be used as a dissipative step in an internal state optical pumping process. An ion in the 1 S 0 , F = 5/2, M F state was transferred to another ground state with M ′ F = M F + 1 using a two-pulse coherent transfer involving a carrier transition from 1 S 0 , F = 5/2, M F to 3 P 1 , F = 5/2, M F state followed by a coherent transfer to 1 S 0 , F = 5/2, M F + 1 using a motion-adding sideband transition. The coherent transitions are reversible, which does not satisfy the requirements for state preparation (where any initial state must be pumped into a single final state). The critical ingredient for adding dissipation is thus provided by the sideband transition, which adds a single quantum to the motion. This motional excitation is removed by Raman sideband cooling of the ion string using the beryllium ion, providing the required irreversibility. The researchers repeated this irreversible transfer for M F = −5/2, −3/2, −1/2, 1/2, 3/2, resulting in preparation of the ion in the M F = +5/2 state. Using different sequences of transfer steps, and by implementing the inverse (M F → M F − 1) transfer, each of the hyperfine ground states could be prepared. These methods are natural precursors to the methods described in section VIII for rotational state preparation.
The protocols for state preparation and measurement described above are limited in the achievable fidelities by imperfect ground state cooling and inaccuracies in the motional sideband pulses. [72] report a success probability lower than 93% for quantum state readout. The complexity of the transfer process makes it challenging to achieve levels above 99% for a single-shot readout, as is achieved using state-dependent fluorescence for atomic ions. In many situations in quantum state estimation, the measurement must anyway be repeated many times in order to build up statistics, reducing the requirements on readout fidelity. Higher readout fidelities have been achieved using a modification to the initial protocol, which is described in the next section.
A. Population-preserving "non-demolition" readout.
Though the original demonstration of quantum logic spectroscopy described in the previous section made use of sideband transitions of the spectroscopy transition itself, these methods were subsequently transferred to readout of the 1 S 0 ↔ 3 P 0 "clock" transition in the aluminium ion, which has excellent properties for frequency standards work due to its insensitivity to magnetic and electric field gradients and an extremely small blackbody shift ( [15, 66] ). Though spectroscopy is performed on the clock transition, readout was performed using the 1 S 0 ↔ 3 P 1 transition, which has a larger matrix element ( [39] ). The method used differs from that described above, and is illustrated in figure 5 . The ions are initialized in the ground state of motion prior to the readout sequence. A blue sideband is then driven on the 1 S 0 ↔ 3 P 1 transition. Since only an ion in the 1 S 0 state will interact resonantly with the light, the sideband transition excites the motion conditional on the internal state. Following this step, the beryllium ion is used to read out the motional state as described in the previous section. The 3 P 1 level has a spontaneous emission lifetime of 300 µs for decay back to 
The motional energy level of each ion is indicated by a solid line (n = 0) and a dashed line for n = 1. At each step, the final ion states of the beryllium and aluminium ions are marked with a solid or unfilled disk depending on the starting condition. The thick arrow marks the transition in the ion which is driven using a laser, while the thin arrow corresponds to the resulting transition of the motional state in the other ion. the 1 S 0 level, thus after around a millisecond the aluminium ion returns to the same internal state as was occupied before the measurement started. The population preservation of the aluminium states results in an ideal projective measurement in the energy eigenbasis, which is often referred to as a quantum "non-demolition" measurement. It is advantageous because the measurement of the state can be repeated, with the combination of measurement results allowing higher measurement fidelities to be achieved than for a single round. This is also indicated by the sequence shown in figure 5 , which is repeated until the decision point (part d)) exits the loop. The repeated measurement was used by [39] in the following way. If the number of counts recorded at the photo-multiplier tube on performing a measurement of the beryllium ion in measurement j is n j , the probability that this corresponded to the aluminium ion in state |i can be written as P (n j |i). Since the detection process is repeated, a set {n j } of photon numbers is recorded. The probability of getting this set of detection results from the state |i is P ({n j }|i) = j P (n j |i). The deduced probability to be in the state i is then found from Bayes rule to be
[39] updated this probability after every detection round, and used this to compute the probability of success p s = P (i max |{n j }), where i max is the state with the highest probability given the measurement results. If p s exceeds a desired threshold p des , the detection is halted and the state of the aluminium ion is deduced to be |i max . Otherwise an additional round of measurement is performed. This method was demonstrated experimentally for a measurement sequence which had an accuracy of 85% for a single round of measurement. Repeated measurement allowed the success probability to be improved by two orders of magnitude to 99.84%, limited by the rate at which the readout could be repeated relative to the decay lifetime of 21 s of the 3 P 0 state ( [39] ).
B. Readout using coherent state-dependent forces
The methods described above require resonant excitation of sideband transitions in the spectroscopy ion, and rely on the ability to cool at least one motional mode of the ion chain close to the quantum ground state of motion. In order to make "non-demolition" measurements, the spectroscopy ion was also required to spontaneously relax on the sideband transition. To relax these requirements, [37] demonstrated readout using an alternative method of exciting motion in a state-dependent manner. Instead of resonantly driving a sideband transition in the spectroscopy ion, an oscillating state-dependent dipole force [39] . Notation is the same as for figure 4 , with the addition of a third level |e2 = 3 P0 for the aluminium ion. Note that the populations of the aluminium levels at the end of the sequence (e) is the same as at the start (a). This allows the sequence to be repeated, which can be used to improve the fidelity of the measurement.
was created using a laser detuned from resonance with the 1 S 0 ↔ 3 P 1 transition. The state-dependent force was created using two counter-propagating laser beams with the same polarization but with their relative frequency δω = ω 1 − ω 2 tuned close to the oscillation frequency of one of the normal modes of the ion chain. The ion which interacts with the light then experiences a dipole potential of the form
where δk is the wavevector difference of light from the two laser beams. δω was chosen to be close to resonance with the axial in-phase mode of motion of the ion pair, with the result that only this mode is resonantly excited by the optical field. The factor V s in equation 33 accounts for the dependence of the dipole potential on the internal state of the ion. An expansion of the potential to first order in η j,α reveals a term which describes a resonant force on the ion. For larger motional excitation, the higher-order terms in the expansion of the potential become important, limiting the total excitation which can be produced (see experimental work by [53] and [63] for further details).
[37] used both time-correlated fluorescence detection and resolved Raman sidebands to detect the resulting motional excitation (these methods are described in more detail in section IV). The use of time-correlated fluorescence detection has the advantage that no ground state cooling of the ion is required, but the sensitivity to excitation amplitude is reduced relative to the use of Raman sidebands. The readout method was applied to discriminate between states in the 1 S 0 and 3 P 0 levels of the aluminium ion, and to discriminate between various M F states of the 1 S 0 ground level.
The coherent force method has the advantage over resonant sideband excitation that the readout method itself can make use of any method for producing state-dependent forces. In the experiments described above, optical forces were generated using a continuous-wave laser. Additional options would be to generate such a force using static or oscillating magnetic field gradients ( [19, 61] ), or using pulsed lasers ( [74] ). These methods widen the potential use of quantum logic spectroscopy techniques to a large range of ion species.
For all quantum logic readout schemes, though entanglement naturally appears during the protocol, there is no requirement in any of the schemes above that quantum coherence should be maintained throughout the protocol. In this regard, the requirements on control are generally relaxed relative to that which is required to perform a two-qubit quantum logic gate.
VI. QUANTUM COMPUTATION
One important application of multi-species chains is in scalable methods for trapped-ion quantum information processing. Here pairs of internal states of the "qubit" ion species are used for storage of quantum information. A crucial ingredient in the most advanced schemes investigated to date are multi-qubit gates which make use of the shared motion of the ions as a quantum "bus" to perform conditional logic. The highest quality multi-qubit gates which have been demonstrated to date use state-dependent forces generated by laser fields to control the ions ( [6, 44] ). The infidelity of a two ion gate performed on two similar mass ions due to a finite Lamb-Dicke parameter has been estimated by [75] to be
where η is the Lamb-Dicke parameter of the driven mode and all modes which couple to the light are assumed to be in thermal equilibrium at the same temperature. This illustrates that motional excitation will reduce the fidelity of multi-qubit gates. For a mixed-species crystal with two logic ions a similar expression would be expected to hold, with each mode which interacts with the laser contributing a similar factor to the infidelity. It is expected that infidelities below 0.0001 will be required to realize fault-tolerant quantum computation ( [79] , [45] ). Values for η used in laser driven multi-qubit logic experiments vary between 0.05 and 0.25 ([6, 27, 34, 52]) requiring motional modes cooled to mean vibration occupations of 1.5 and 0.01 quanta respectively to attain "fault-tolerant" levels. The use of near-field microwave fields and magnetic field gradients to perform gates provides a much smaller effective Lamb-Dicke factor and hence high fidelity gates would not be expected to be limited by motional excitation even for Doppler cooled ions ( [61] ).
In addition to heating of the ions from the field fluctuations described in section III, motional excitation of ions can also occur due to imperfect implementation of processing steps. To scale up ion trap quantum computation it is necessary to combine techniques for transporting quantum information with high-fidelity gates. The methods which have been demonstrated to date include transporting the ions themselves through an array of traps ( [42, 67, 88] ), or connecting ions through entanglement with emitted photons ( [55] ). Both of these methods lead to some level of motional excitation, which when repeated a large number of times (as is likely to be required for a large-scale quantum computation) would impact on the quality of multi-qubit operations. Deterministic transport of ions through a trap array is performed by applying time-varying control potentials to the trap electrodes. Though in principle this can be performed with no motional excitation, imperfect control of the applied potentials will mean that in general this is not the case. While this does not necessarily result in the ions finishing in a thermal mixture of states, the final state is unknown, and thus a control operation calibrated for ions starting close to a particular state (usually the ground state) would have an increased probability of error. [55] provided the first demonstration of a photonic quantum information transport protocol between two ions. This method is probabilistic, requiring many repetitions in order to establish entanglement as a quantum information resource between the remote regions of the quantum processor (which can subsequently be utilized for computation using teleportation protocols along the lines proposed by [25] ). Since each photon emission leads to recoil heating of the motion at the level of η 2 in units of the trapping frequency, the result of many repetitions will be significant heating, which must be removed if the quantum information stored in the ions is to be further manipulated. In both cases a cooling mechanism is required which does not affect the stored information; sympathetic cooling satisfies this need.
A. Experimental demonstrations
Sympathetic cooling of motional modes of ions trapped in Paul traps to the vicinity of the ground state has been carried out using magnesium and beryllium ions ( [5] ), using beryllium and aluminium ions ( [72] ), with magnesium and aluminium ions ( [15] ) and using two isotopes of calcium ( [35] ). Sympathetic Doppler cooling had previously been performed using cadmium ions ( [12] ). The use of different species of ions has the advantage that the spectral selection of one species by the laser cooling light is almost perfect, with the probability of exciting spontaneous emission from the beryllium ion during a single cycle of magnesium sideband cooling estimated at the level of 4 parts in 10
11 ([5] ), and the phase shift of a hyperfine superposition due to the AC Stark effect of the magnesium cooling light estimated to be 3 × 10 −10 radians. This is ideal for quantum information processing where scattering would result in an error, and is thus required to be small. The use of two isotopes offers the advantage that masses of the two ions are similar, avoiding the problems of poorly cooled modes described in section III. In addition similar laser systems can be used to control both ion species (which reduces cost). However the spectral addressing is not as good as for two species, because the transitions in the two different ions are separated by the isotope shift, which is of the order of a few GHz for most of the commonly trapped ion species. The limits to spectral addressing using different isotopes were examined by [35] with 43 Ca + and 40 Ca + ions. The coherence of a qubit stored in
clock" states of the 43 Ca + ion was monitored as the cooling progressed. Qubit coherence was experimentally observed to be reduced by 3.3% per cooling cycle, dominated by off-resonant photon scattering from the Raman beams used to address the motional sideband transitions of the 40 Ca + transition. By detuning the Raman laser further from resonance, this source of error would be strongly suppressed ( [62] ), but increased laser light intensity would be required in order to cool at the same rate. The resonant light required to repump 40 Ca + also causes a loss of coherence in 43 Ca + , leading to a loss of fidelity of superpositions stored in the clock-state qubit with a lower limit of 1 part in 10 4 per cooling cycle -this is a fundamental limit due to the finite isotope shift of ∼ 1 GHz. It should be noted that in addition to photon scattering, off-resonant driving of 43 Ca + transitions by the cooling light can lead to significant phase shifts of the qubit due to the AC Stark effect, which could provide an additional source of decoherence.
Sympathetic cooling was used to demonstrate the compatibility of multi-qubit gates with transport of quantum information by [32] , and applied to quantum information protocols including arbitrary unitary transformations on two qubits ( [28] ) and multi-qubit randomized benchmarking of quantum gates ( [23] ). In these experiments two beryllium and two magnesium ions were used, with each beryllium "qubit" ion accompanied at all times by an ancillary magnesium "coolant" ion. The beryllium ions were used to store qubits, which were manipulated using stimulated Raman transitions ( [88] ). An example sequence of gate and transport operations which was used by [32] is shown in figure 6 . The magnesium ions were used for Doppler cooling of all motional modes subsequent to each transport operation, providing some level of cooling which could help in the event of severe lack of control, such as a collision with a background gas particle. Prior to each two-qubit gate, the axial motional modes were cooled close to the ground state of motion by Raman sideband cooling of the magnesium ions. The lasers used for the two-qubit gate couple only to the axial modes, so these have non-zero Lamb-Dicke parameters which could impact on the gate fidelity according to equation 34. Sympathetic cooling was used to completely mitigate the effects of imperfect transport and heating. The experiments investigated a repeated sequence of the form shown in figure 6 with the single qubit operations R 1..4 set to perform the unitary rotation R(π/2, 0) ≡ exp [iπ (|↑ ↓| + |↓ ↑|) /4] of the qubits about the x axis of the Bloch sphere. The two-qubit operation G implements a two-qubit geometric phase gate of the type first demonstrated by [52] . In the ideal case, the sequence performs a two-qubit unitary operation, which we will here denote byÛ . When repeated twice this ideally results in the operationÛ 2 . In order to characterize repeatability, the researchers performed quantum process tomography ( [64] ) on the experimental implementation ofÛ andÛ 2 . The process [28, 32] and [23] . The sequence starts with the two magnesium-beryllium ion pairs trapped in the same zone of the trap array. These are then separated in order to perform individually addressed single qubit gates R1 and R2 on the qubit ions. The ions are subsequently recombined in order to perform a two-qubit logic gate G between the qubits. The separation process is then repeated to enable individually addressed operations R3 and R4, after which all ions are brought back into the same trap in order to regain the initial ion configuration. The black arrows indicate times at which Doppler cooling was performed, and the grey arrow indicates the use of Raman sideband cooling for cooling axial modes of motion close to the ground state (enabling high-fidelity logic operations). In [28] , tD = 300 µs and tR ≃ 3ms, and the separation and recombination times were approximately 500µs.
deduced from the characterization of the experimentalÛ was then mathematically repeated, and compared to the results of the experimental characterization ofÛ 2 . The results were found to be consistent with each repetition ofÛ performing exactly the same operation. This would not have been possible without the use of sympathetic cooling, since multi-qubit gate errors would increase due to the increasing lack of control due to the gain in the ions' motional energy.
VII. QUANTUM STATE ENGINEERING
A. Motional state engineering The techniques described above for the manipulation of mixed-species ion chains have also enabled new types of quantum state engineering. [41] used sympathetic cooling as part of a protocol to produce a first demonstration of entanglement between remote mechanical oscillators (each oscillator being the out of phase normal mode of oscillation of a berylliummagnesium ion pair). The protocol started with all ions in the same trap, configured with the heavier magnesium ions centered between the two beryllium ions using the re-ordering method described in section IV. This chain was cooled to the ground state of motion of all axial modes, and a standard multi-qubit quantum logic gate was performed in order to create the entangled state (|↑↓ +|↓↑ )/ √ 2 of the internal states of the two beryllium ions (in this case |↑ ≡ 2 S 1/2 , F = 2, M F = 2 and |↓ ≡ 2 S 1/2 , F = 2, M F = 1 ). The ion crystal was then separated into two pairs, each consisting of one beryllium and one magnesium ion which were transported to two locations 240 µm apart. These locations will be labeled as A and B in what follows. After separation, the axial motional modes of both crystals were in an unknown mixed excited state due to imperfect control of transport. In order to create pure-state motional entanglement from the remote spin entanglement, the motional states were first sympathetically cooled into the ground state, using Doppler cooling followed by sideband cooling on both the first and second motional sidebands of the magnesium ions. The sympathetic cooling ensured that the internal state entanglement of the beryllium ions was preserved. Using a notation in which the Fock states of motion for the two normal modes of interest (in each case the out-of-phase mode of axial motion) in trap locations A and B are labeled |n A and |n B respectively, the combined state of the two beryllium ions and the motion is then ideally
In the experiment the cooling achieved a probability of ground state occupation of P A (n = 0) = 0.94 and P B (n = 0) = 0.98 for the out-of-phase mode of motion of each pair of ions. Subsequent to cooling, motional sideband pulses were applied in each of the separate traps to transfer the internal state entanglement into the motional state. Though the same sideband was driven in both traps, prior to application of the sideband pulse in trap B, an inversion of the spin state was performed using the carrier transition. In the ideal case, this procedure produces the entangled motional state
The quality with which the state was produced in the experiment was diagnosed by transferring the entanglement back into the internal state degree of freedom of the ions and evaluating the entanglement of the resulting state using standard methods ( [68] ). This produced a lower limit of the fidelity for the motional state of 0.57(2) ( [41] ). The difference between this value and 1 is due to a variety of factors, including imperfections in the ground state cooling, the internal state entanglement procedure and the spin-motion transfer pulses, and decoherence of the motional states before they were transferred back into the internal states.
In this protocol the sympathetic cooling was used to initialize a pure state of motion (the ground state) which was suitable for use in the subsequent quantum state engineering. This starting point could also be used to create other entangled states of remote oscillators using a similar procedure. One option would be to start from |ψ S and subsequently apply state-dependent forces to create entanglement between superpositions of coherent states at each location. These methods are well known for single ions, having been used to realize entanglement between spin and motion of single ions in a number of trapped-ion groups (see, for example [27, 53, 57] ). In the case of ions in two separate traps, the entangled state produced would not involve purely motional entanglement, due to residual entanglement with the internal states.
B. Entanglement of internal states
Mixed-species ion chains have also been used to engineer entangled states of the internal degrees of freedom, making use of the difference in spectra of the two ions to address each species independently. Such methods were used by [38] to engineer entangled Dicke states of the internal states of two 25 Mg + ions making use of a single co-trapped 27 Al + ion. The 27 Al + ion was stored on the end of the chain, resulting in one mode in which the ratio of the amplitudes of motion of the two 25 Mg + ions is close to 1 (equal amplitudes are important for the protocol). The internal electronic state of each ion was first initialized to one energy eigenstate by optical pumping, and the axial modes of motion initialized close to the ground state by sideband cooling the magnesium ions. Using a notation in which the initialized energy level of ion species X is denoted as |↓ X and the second level involved in the protocol is |↑ X , this state can be written as Starting from this initial state, the protocol involved introducing one quantum to the motion by coherently driving the motion-adding sideband transition of the aluminium ion. In an ideal realization, the state of the three ions and the motional mode of motion is then
The final step of the protocol is then to directly drive the motion subtracting sideband of the quadrupole transition of both magnesium ions simultaneously with equal strength. Since only one quantum can be removed from the motion, only one of the magnesium ions can change state, but there is no way of distinguishing which should change. In the ideal case the ions then evolve into a superposition of two orthogonal states where each magnesium ion changed state, resulting in
which is an entangled state of the magnesium ions. This method generalizes to create Dicke states of larger numbers of ions, so long as motional sideband transitions in all of the ions can be driven at the same rate. For mixed-species ion crystals this condition is only approximated for strings of more than three ions. Numerical studies performed by [38] indicate that Dicke states in which only one ion is in |↑ and all others are |↓ fidelities greater than 0.99 could be expected with up to 6 magnesium ions, and fidelities greater than 0.95 for states with multiple |↑ ions in up to 6 magnesium ions. In the experiments of [38] , two magnesium ions were entangled with a fidelity of 77%, primarily limited by intensity fluctuations of the control laser fields, and imperfect ground state cooling.
The protocol used by Hume et al. demonstrates the use of a second ion species for individual addressing of ions in a chain, allowing the motional state to be engineered as part of the protocol without affecting the target species. Individual addressing has been performed using ions of the same species by tight focusing of a laser beam such that it primarily illuminates one ion in the chain. This method has been implemented with great success in quantum information work by the Innsbruck group (see for example [26, 58, 70] ), but becomes more challenging at high trap frequencies where the spatial separation of the ions is reduced. Individual addressing using two species presents an alternative method for achieving this which holds different challenges (for instance the need for multiple laser systems, atomic sources etc.). This may be desirable in settings where tight focussing is difficult to achieve. The individual addressing provided by a second ion species has the advantage that it is simple to add resonant lasers, allowing photons to be scattered. This provides the possibility to add a combination of dissipation and coherent control of the motional modes of an ion string as an ingredient for state preparation, providing further possibilities beyond those which have been demonstrated thus far.
VIII. MOLECULAR COOLING AND CONTROL
The quantum-logic techniques which have been demonstrated for control and readout of atomic ions which do not have accessible laser cooling transitions are also directly applicable to molecular systems. The additional degrees of freedom available in molecules hold rich promise for investigations of fundamental physics, quantum control and frequency standards. In order to perform precision spectroscopy and control of these systems it is desirable to cool all degrees of freedom to the quantum ground state. However achieving this is highly challenging, due to the relative complexity of the energy level structure of even the simplest of molecules.
Sympathetic cooling of molecular translational motion using atomic species has been reported by a number of groups, allowing Doppler cooled Coulomb crystals with large numbers of ions to be formed involving diatomic molecules such as MgH + ( [56] ), HD + ( [13] ) and N + 2 ([80]). One early example of molecular sympathetic cooling was the mass spectrometry performed by [3] which made use of resonant driven motion of the molecular species, resulting in heating of a co-trapped laser cooled atomic species through the Coulomb interaction which could be detected through reduced fluorescence (these experiments were performed in a higher temperature "liquid" regime, in which the ions do not crystallize to fixed equilibrium positions). Sympathetically cooled ions have been used in spectroscopy of some molecular species, but achieving high precision is very challenging due to the lack of efficient state-detection methods for interrogating the state of the molecular ion in situ. Thus the possibility of performing quantum logic spectroscopy and similar techniques for control based on these methods may open up a range of possibilities for extensions of trapped-ion quantum control into the molecular realm.
In order to take advantage of molecules for quantum state control and information processing, it is highly desirable to be able to prepare the molecule in a single quantum state. This requires methods for isolating a single rotational and vibrational level in the molecule, and a single hyperfine state. The vibrational levels do not pose a problem in this regard, since the the energy scale of the level separations is much larger than the thermal fluctuations at 300 K. By contrast, the rotational degrees of freedom have frequencies of ν rot ∼ 10 11 Hz, and are thermally occupied at room temperature, with thermalization timescales on the order of tens of seconds ( [85] ). One possibility for cooling the rotation would be to cool the ion trap setup itself such that the environment of the molecule fulfils T << hν rot /k B , however this requires temperatures well below 4 K at which it seems challenging to operate an ion trap. Active cooling of rotation has been demonstrated by [77] and [73] , following a proposal from [83] which involves optical pumping of the first and second rotational excited states into a higher vibrational level, from which there is some chance of decay into the ro-vibrational ground state (which is a dark state for the pumping laser due to frequency selection). Population transfer from higher rotational states relies on blackbody radiation, which limits the speed of the pumping, and thus the temperature of the final steady state. [14] built upon the ability to perform rotational cooling, using an optical frequency comb to prepare a particular hyperfine state of HD + molecules by driving multiple internal state molecular transitions. Rather than trying to perform state preparation on the ions themselves, [80] have demonstrated rotational state preparation by state-selective photo-ionization of molecular atoms.
A Raman cooling method similar to the internal state preparation described in section V provides an alternative approach to cooling the rotational degree of freedom ( [84] , [71] ). The method proposed by [84] is based on driving Raman transitions between the |J = 2 rot |ν trans ↔ |J = 0 rot |ν ′ trans states, where ν is the translational quantum number and J is the rotational quantum number. If the Raman difference frequency is 2ω rot + (δν)ω trans , the transition is resonant for δν = ν ′ − ν. Choosing a Raman laser detuning for which δν < 0 the resonant transitions reduce the translational quantum number as the rotational quantum number is increased by two, and vice versa. The second component of the scheme is continuous cooling of the collective translational motion, which is performed using the atomic ion (either by Doppler or Raman sideband cooling). If the translational cooling is fast compared to the ro-translational Raman transition, the occupied translational states are most likely to be those with ν, ν ′ close to zero (the ground state). For translational states for which ν ′ < −δν, no lower translational state is available, biasing the relative rates of the Raman transitions between J = 0 and J = 2 towards transitions which reduce the rotational quantum number. The result is a unidirectional pumping from |J = 2 → |J = 0 . It should be noted that the Raman transition has a linewidth Γ given by the damping of the translational levels due to the cooling light, and the natural linewidth. In order for the scheme to succeed, this is required to satisfy Γ < δνω trans in order that the desired selectivity of transitions towards those that reduce the translational quantum number can be achieved.
The dissipative step in the rotational cooling is provided by the emission of the photon from the atomic ion into the vacuum during the cooling of the translational motion. The Raman cooling in this proposal is of a single rotational degree of freedom. Other rotational degrees of freedom could potentially be cooled directly using different transition frequencies, but are also coupled to the actively cooled degree of freedom by black-body radiation. This process happens on timescales on the order of 10 s, which are long compared to typical timescales for translational cooling using either Doppler or Raman sideband methods. [84] performed simulations with the atomic ion being Doppler cooled, which indicate that it may be possible to cool the rotational motion to 80 % occupancy of the J = 1 and J = 0 levels in around 40 s, with > 60% occupancy of the J = 0 state. The simulations assumed a very high translational frequency of 50 MHz, which is due to the requirement that the scheme requires δνω trans > Γ. The trap frequency could likely be reduced if the translational cooling was performed using cooling on a narrow linewidth transition, which could also allow the ro-vibrational-translational ground state to be reached with higher probability.
A second paper by the same authors ( [85] ) proposed probabilistic state preparation of molecules using quantum logic spectroscopy, along the lines used for internal state preparation by [72] . The translational normal modes are cooled to the ground state, and the molecule is subsequently probed using a process similar to stimulated Raman adiabatic passage (STIRAP) which adds a quantum to the motion if the ion is in a rotational state which is close to resonance with the STIRAP lasers. This results in excitation of the translational motion which can be detected on the atomic ion. [46] proposed a similar scheme involving a coherent drive on the molecular ion produced by state-dependent forces. The latter is similar to one of the methods demonstrated by [37] on atomic ions and described in section V B above. State-dependent force methods resulting in geometric phases which are detected on the atomic species have also been proposed by [60] , including quantum gates between the atomic and molecular ion species.
A challenging point in proposals involving molecular ions is that driving Raman transitions between states which are spaced by ∼ 10
11 Hz using continuous-wave lasers requires phaselocked frequency components spaced by this frequency. In performing initial spectroscopy of molecular ions (which is necessary because for many molecules the structures are not currently known), it is desirable that many different possible rotational Raman transitions of the molecule could be probed, requiring a large range of frequencies. Optical frequency combs ( [16] ) provide exactly such a set of phase coherent frequency components, and were recently used to drive Raman transitions between hyperfine states in atomic ions by [29] . The comb produces frequency components at ω offset + nω rep . By splitting the comb into two paths, and shifting the frequency of one by ω shift relative to the other, it is possible to produce a set of Raman transitions with frequencies ω Raman = ∆nω rep + ω shift (40) where ∆n ranges from 0 up to the ratio of the bandwidth of the comb to the repetition frequency. It should be noted that contributions from all pairs of comb teeth with frequency difference ω Raman add, so that the transition rates make use of a significant fraction of the power of the comb laser ( [29] ). The range of different ∆n obtained from a single laser source provides the possibility to access a large range of transitions (the exact resonance condition must be met by tuning ω shift using acousto-optic-modulators or similar devices). This was used in the work of [14] on HD + spectroscopy. The use of a frequency comb forms a key ingredient in two recent proposals by [50] and [21] for performing a systematic search of the transitions in a molecular ion, assuming little or no prior knowledge of its internal state. In both papers, quantum logic readout using translationally ground-state cooled ions is combined with the ability to probe the molecular ion with a large range of Raman frequency components derived from a frequency comb.
IX. OUTLOOK
The quantum manipulation of mixed-species chains of trapped ions is a relatively recent development which has required a number of new considerations for ion trap physics. A much better understanding of the trapping potential is required, due to the difference in masses of the different species. New techniques have been demonstrated to control these systems, resulting in a number of new opportunities for the control and preparation of quantum states.
It is expected that additional techniques will emerge in the near future. For instance, the ability to manipulate the relative components of dissipation, measurement and coherent control available in these systems seems likely to make them particularly amenable to dissipative state preparation protocols and to quantum simulation of open quantum systems ( [4] ). Quantum logic spectroscopy has already provided the leading frequency standard to date, and is likely to open up quantum control of trapped ions to a wide range of molecular species, providing new avenues for research.
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